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A Kahler manifold can be viewed both as a symplectic manifold and a Rieman- 
nian manifold. These two structures are related by the Kahler form. One can 
study the Lagrangian minimal submanifolds which are Lagrangian with respect 
to the symplectic structure and are minimal with respect to the Riemannian 
structure. Lagrangian minimal submanifolds have many nice properties and 
have been studied by several authors (see @, §, @, p), @, @> H, H, 
[|4) etc.). There are obstructions to the existence of the Lagrangian minimal 
submanifolds in a general Kahler manifold || . These obstructions do not occur 
in a Kahler-Einstein manifold. But even in this case, the general existence is 
still unknown. Most of the discussions of the paper are on compact manifolds 
without boundary. We assume this from now on unless other conditions are 
indicated. The main result of this paper is the following: 

Theorem 4 Assume that (N, go) is a Kahler-Einstein surface with the first 
Chern class negative. Let [A] be a class in the second homology group H2{N, Z), 
which can be represented by a finite union of branched Lagrangian minimal sur- 
faces with respect to the metric go. Then with respect to any other metric in 
the connected component of go in the moduli space of Kahler-Einstein metrics, 
the class [A] can also be represented by a finite union of branched Lagrangian 
minimal surfaces. 

Note that the complex structure on N is allowed to change accordingly. An 
immersed Lagrangian minimal submanifold in a Kahler manifold with negative 
Ricci curvature is strictly stable (@j, J|(|, J22|). Thus one expects to have a 
result as the theorem. However, there are some major difficulties due to the 
occurrence of branched points to realize this expectation. In this introduction 
we first explain how the ideas work out in the local deformation of the immersed 
case. Then we point out the difficulties in the branched case and how we solve 
the problems. When the Lagrangian minimal surface is immersed, it is strictly 
stable and thus the Jacobi operator is invertible. By the implicit function theory, 
we can find a minimal surface for any nearby metric and the tangent bundle of 
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the surface changes smoothly. Hence the minimal surface obtained is totally real 
if the metric is sufficiently close to the original one. A totally real (branched) 
minimal surface in a Kahlcr-Einstein surface with negative scalar curvature is 
Lagrangian (||, p3[). Therefore, we get the local deformation of an immersed 
Lagrangian minimal surface. If we want to continue the process, we need to 
take the limit of a sequence of surfaces and it is not enough to restrict to the 
immersed case. We need to extend each step to the branched case. It seems that 
there is no known result for the deformation of branched minimal surfaces except 
the holomorphic curves. The Jacobi operator on a branched minimal surface 
is degenerate and it is a delicate problem to decide the allowable variations. 
For our problem, it is certainly not enough to consider only the variations with 
support away from the branched points. Branched minimal immersions are the 
critical points of the energy functional. We thus study the problem in the map 
settings and show that the strict stablity in the sense of Definition 1 works 
suitably for the deformation of a branched minimal immersion. In particular, 
we have: 

Theorem 2 Assume that ipo : E — > (N n ,go) is a strictly stable branched mini- 
mal immersion. Then there exists a strictly stable branched minimal immersion 
ip t : E — > (N n ,g t ) for any g t which is close to g . Furthermore, ip t converges to 
ipo in C°° if gt converges to g i n C°° . 

Here E is a closed surface and N n is a complete Riemannian n-manifold which is 
not necessarily compact. We show that a branched Lagrangian minimal surface 
in a Kahler surface with negative Ricci curvature is strictly stable. Thus we 
can deform the branched Lagrangian minimal surface to get a family of strictly 
stable branched minimal surfaces. We still need to show that these surfaces are 
Lagrangian. One can hardly control the behavior of the tangent bundles after 
perturbing the branched points. The perturbation of the holomorphic curve 
(z 2 , z 3 ) reveals some of the complexity. However, there are still some control in 
the holomorphic case. We prove that when the branched minimal surfaces are 
stable, we still have the similar control. More precisely, we show: 

Theorem 3 Let ipi : E — > (N,gi) be a stable branched minimal immersion 
from a closed surface E to a Riemannian A-manifold (N,gi). Assume that gi 
converges to go and (fi converges to ipo in C°° , where tpo is a branched minimal 
immersion from E to (N,go). Then 

a((/? (E)) = lim a(^(E)). 

i — >oo 

The adjunction number a(</?j(E)) in the theorem is defined to be the sum of the 
integral of the Gaussian curvature on the tangent bundle and the integral of the 
Gaussian curvature on the normal bundle. It is equal to the total number of the 
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complex points with indices when N has an almost complex structure and the 
complex points on are isolated [5|. The immersed version of the theorem 

is proved by J. Chen and G. Tian |] using a different approach. From this 
theorem we can conclude that the branched minimal surface obtained above 
is totally real when the metric is sufficiently close to the original one. Thus 
it is Lagrangian (jjj, 33 ). This shows the local deformation of a branched 



Lagrangian minimal surface. The rest of the proof for Theorem 4 follows from 
an area bound and standard arguments. 

The organization of the paper is as follows. In section 1 we study the critical 
points of the energy functional and the stablity. This point of view helps us 
to understand the branched minimal immersions and the results in this sec- 
tion should have their own interest. The local deformation of a strictly stable 
branched minimal immersion is obtained in section 2. We use the three circle 
theorem in section 3 to study the oscilation of the conformal harmonic maps. 
The adjunction number and some necessary preliminaries are introduced in sec- 
tion 4. In section 5 we prove the theorem about the limit of the adjunction 
numbers. In the last section we complete the proof of the main theorem and 
give one application. 
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indebted to the refree for the valuable comments and suggestions. During the 
preparation of this work, the author were supported by the National Science 
Council of Taiwan under two projects and a visit to Stanford University^]. She 
would like to thank these organizations as well. 



1 The energy functional 

Let £ be a closed surface of genus r and (N n ,g) be a complete Rieman- 
nian ro-manifold which is not necessarily compact. The energy functional on 
C°°(S], N) x M(Z) x M(N) is defined to be 

where C°°(£, N) is the set of smooth maps between S and N, M(T,) and M(N) 
are the set of smooth metrics on £ and N respectively, and dA is the volume 
form of h on S. We will use the convention that two same indices in a term 

partially supported by NSC-84-2121-M-002-008, NSC-87-2115-M-002-012 and 36128F. 
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indicate a summation. The quantity 

dp> k dp 1 
dx l dx 1 
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is denoted by e(ip), which is called the energy density of ip between (E, h) and 
(N n , g). If we fix h, g and vary the map <p only, a critical point of E(-, h, g) is 
called a harmonic map between (E, h) and (N n ,g). There has been a thorough 
study on harmonic maps. Here we only refere to |J, [jio), J2^| and the reference 
therein. If we fix p, g and vary the metric h only, a direct computation gives 
the following formula: 

Lemma 1 Assume that ht is a smooth family of metrics on E with ho = h. 
Then 



dE(ip,h t ,g), 

-\t=o 



dt 
where 



J Y,(\ hlJhaP ~ h la h^)p*(g) lo h a0 dA, 



d(p k dp 1 
dx l dxi 



is the pull back metric and h = ^-\t=o- In particular, a critical point of E(p, •, g) 
satisfies p*(g) = ^e(p)h. That is, the map p is weakly conformal. 

Proof: 



Assume that x , x 2 are the local coordinates on E. Then dA t — \J det ht dx 1 dx 2 
and the energy can be written as 

E(ip,h t ,g) = J h\ 3 p* (g)jj y/ dot h t dx 1 dx 2 . 



Since 



d(hf Vdrth t ) 



]T K a (h t ) a(3 h^W det h t +Y, hi j lhf(h t ) a pVdetht 



dt 

the formula follows. If dE (' p :!* t > 3 ') \ t— o = for arbitrary h a p, one has 
J2(lh ij h a P - h la h^)p*(g) l3 = 0, for any a, (3. 



y 2 

1,3 

In the matrix expression, this becomes 
1 



2 e{p>)hr l -/rVW 1 = 0. 



Hence p*(g) = \e{p)h. 
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Q.E.D. 

Lemma 2 Follow the notation as in Lemma 1 and assume that h is a critical 
point of E((p,-,g). Then 

d 2 E(^,h t ,g) l 



=0 = J {^{^{Trh^hh^h) - je^iTrh^h) 2 ) dA, 



dt 2 

where Tr denotes the trace of a matrix. 
Proof: 

Now we continue the computation in the proof of Lemma 1 and differentiate 
Because 



those terms which come from the differentiation on {ht) a pVdet ht has no con- 
tribution. So we only need to differentiate 



'2 

Now we compute the formula in terms of matrices and get 
d 1 



-(-(Trh^ig))^ 1 - K l V *{g)h^)\ t=a 



^{^{Trh^^h- 1 + ^ei^h^hh- 1 . 



Therefore, 

d 2 E(ip,h t ,g) , 
dt 2 1 



;=0 = J {^e{<p)(Trh- 1 hh- 1 h) - ^e(<p)(Tr h^h) 2 ) dA. 

Q.E.D. 



Lemma 3 Assume that (<p, h) is a critical point of E(-, ■, g). Let h t be a smooth 
family of metrics on S with h a = h, h = ^\t=o and let ip t be a smooth family 
of maps from X to N with tpo = tp, ^-\ t =o = V. Then we have 

d 2 E(ip t ,h t ,g) 

dt 2 lt= ° 



= 2 J(\VV\ 2 + ^ < R N (Mei),V)chp(ei),V >) dA 
+ I {^e{ip){Trh- 1 hh- x h) - \e{ip){Tr h^hf) dA 



+ 2 / J2(\ hlJh ^ - h ia h^)K p {< V_^V,d<p(-^j) > + < V^^M^i) >) dA, 
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where R N is the curvature tensor of (N,g) and {ei, e2} is a local frame for h. 
Proof: 

By Leibniz's rule, one has 

d 2 E(i Pt ,h u g) l d 2 E(ip t ,h,g) l d 2 E(<p,h t , g) o d 2 E(<p t ,h s ,g) 

dT 2 |t=0 " dT 2 |t=0 + dT 2 |t=0 + 2 dWs |t=s=0 

The formula 

d 2 E(<p t ,h,g), 



dt 2 



t=° = lj (I VV| 2 + J2 < R N (d<p(ei), V)M*), v >) dA 



is well known and can be found for instance in [p| or H29|. The formula for 

Kv>M,g) i 
1*= 



d E(tp,h t ,g) |_ _ q j g derived m Lemma 2. A direct computation shows that 



This together with the computation in the proof of Lemma 1 give the formula 

, d 2 E( Vt ,h 3 ,g) , 

tOT dtdl l*=s=0- 

Q.E.D. 

The energy is a conformal invariant on the metric of the domain when the do- 
main is two dimensional. Denote E g (ip, h) = E(ip, h, g). Then E g can be viewed 
as a smooth function E g (ip, [h]) on C°°(E, N) x %, where T r is the Teichmuller 
space of E and [h] is the conformal class of h. The branched immersions were de- 
fined and studied in Oj. In particular, the pull back metric <p*{g) of a branched 
immersion can be expressed as X 2 h, where h is a smooth metric on E and A is a 
smooth scalar function with isolated and finite order zeros. The zeros of A are 
called the branched points of ip. Hence in this case [f*(g)] is well-defined and 
E g ((p, [<p*(g)\) = 2A(<p,g), where A(tp,g) is the area of ip(T,) in (N,g). 

Remark: Assume that (ip, [h]) is a critical point of E g and [h t ] is a variation 
of the conformal structure. Because in our case the energy functional is a 
conformal invariant and by a result of Moser pi]] , we can choose ht such that 
they all determine the same volume form. That is, we can assume Tr h~ 1 h = 
in the second variational formula. 

One thus has the following result of J. Sacks and K. Uhlenbeck: 



Corollary 1 { 2h] The map ip is a branched minimal immersion if and only if 
((p,[h\) is a critical point of E g {-,-) and ip is a nonconstant map, where the 
smooth metric h is conformal to the pull back metric <p*(g)- 
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Proof: 



If (tp, [h]) is a critical point of E g (-, •), certainly tp is a critical point of E(-, h,g) 
and h is a critical point of E(tp, - ,g). Thus the map tp is both harmonic and 
weakly conformal between and (N n ,g). When tp is a nonconstant map, 

this exactly means that p is a branched minimal immersion. If tp is a branched 
minimal immersion, then p is both harmonic and weakly conformal between 
(S,/i) and (N n ,g). Thus tp is a critical point of E(-,h,g) and ft is a critical 
point of E(tp,-,g). Assume that h t is a smooth family of metrics on £ with 
ho = h, h — ^|t=o and tp t is a smooth family of maps with p = tp, ^±\ t= o — 
V. By Leibniz's rule, one has 

dE(tp t ,h t ,g) dE(tp t ,h,g) dE(tp,h t ,g) 

It lt =° dt U=0 + It 14=0 °' 

Hence (tp, [h]) is a critical point of E g (-, •). 

Q.E.D. 



Assume that tp : S — > (N n ,g) is a branched minimal immersion and ((/?, [h]) is 
the corresponding critical point on E g . Define a function f £ on S: 





log^ 
log I 

1 



\x\ < e z 
e 2 < \x\ < e 
\x\ > e. 



(1) 



Then lim J |V/ e | 2 dA = 0. Now we choose f s such that it vanishes near each 
branched point of tp. 

Lemma 4 If we denote the second variation of E g in the direction of V and h 
by 6 2 E g (V,h), then 

6 2 E g (V,fi) = lim 5 2 E g (f e V,h) 

s— >0 

Proof: 

A direct computation gives us 

dfe 



V^f s V = f £ V^V+j^-V 

9ic l 9ic l ox 1 



and 



|VA^| 2 - / e 2 |VF| 2 + \Vf £ \ 2 \V\ 2 + 2J2< ei(f e )V,f e V ei V > . 
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Since h , h, ip, and V are smooth and fixed, the norms and the norms of their 
derivatives are all bounded. Therefore, 



\6 2 E g (V,h)- lim 5 2 E g (f £ V,h)\ 

e— >0 

<Cilim f \Vf £ \ 2 dA + C 2 (Hm f \Vf £ \ 2 dA)^ 
= 



where C\ and Ci are positive constants independent of e. 

Q.E.D. 

Definition 1 A branched minimal immersion ip : £ — ► (N n ,g) is called strictly 
stable if \imS 2 A(f £ V) > /or any V = ^j-\t=o, where f £ is chosen as in (1) 

and (fit is a smooth family of maps from S to N with ip = ip. It is called stable 
if\\m5 2 A{f £ V)>{) 

Theorem 1 A branched minimal immersion ip : £ — > (N n ,g) is strictly stable 
if and only if the correponding critical point on E g is strictly stable. 

Proof: 

We first claim that for any branched immersion <f> : £ — > (N n , g) and any smooth 
metric h on S, one always has 

£ fl (M) > 2A(0, ff ). 

Choose a; 1 ,^ 2 to be the conformal coordinates for the pull back metric <fi*(g). 
That is, 

where [i is nonnegative. Express the inverse matrix (ft*- 7 *) in this coordinates as 

a c 

( ^ ), where a and 6 are positive. Then we have 

fe PUS 



= j (afi + bfi) - = =dx 1 dx 2 



1 

Vab — c 
<ab 
„ ~ 

> 2A(4>,g). 



> 2 / /i v "" dx 1 dx 2 
J yab—c? 
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The equalities hold if and only if a = b and c = 0, i.e., when is a weakly 
conformal map. 

Assume that (ip, [h]) is the corresponding critical point on E g of the branched 
minimal immersion, where h is a smooth metric on E. Let ht be a smooth 
family of metrics on E with ho = h, h — ^-\t=o an d <pt be a smooth family of 
maps from S to N with p a = ip, ^^\ t= o = V. Define <Pt{x) = exp v ^ tf e V(x), 
where f e is chosen as in (1). Then ip\ is a smooth family of branched immersions 

q e 

from S to N with ip^ = ip and -^-| t= o = f £ V. By the claim proved above, one 
has 

E g (<f4,ht)>2A(tf,g). 
Define the C 2 nonnegative function F by 

F{t)=E g (tf,ht)-2A(<p e t ,g). 

Because F(0) = F(0) = 0, it follows that F(0) > 0. Hence 

S 2 E g (f E V,h)>2S 2 A(f E V) 

and thus 

S 2 E g (V, h) > lim 25 2 A{f e V) > 0. 

One also has S 2 E g (0,h) > by Lemma 3 for h which is not identically zero. 
This shows that (ip, [h]) is a strictly stable critical point on E g . 

Assume that (ip, [h]) is a strictly stable critical point on E g . Then ip is a branched 
minimal immersion and one has 

5 2 A{f e V) = 1 -5 2 E g {f e V,Q). 

Thus 

\hnS 2 A(f e V) = h 2 E g (V,0)>0. 
Hence tp is a strictly stable branched minimal immersion 

Q.E.D. 

2 The deformation of branched minimal surfaces 

Let E be a closed surface and (N n ,g ) be a complete Riemannian n- manifold 
which is not necessarily compact. The strict stablity in the sense of Defini- 
tion 1 works suitably for the deformation of a branched minimal immersion. In 
particular, we have: 
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Theorem 2 Assume that tpo : E — > (N n ,go) is a strictly stable branched mini- 
mal immersion. Then there exists a strictly stable branched minimal immersion 
(ft : £ — > (N n ,gt) for any gt which is close enough to go. Furthermore, pt 
converges to po in C°° if gt converges to go in C°°. 

Proof: 

Let (ipo, [ho]) be the corresponding critical point on E go . By Theorem 1, one 
knows that (ipo, [ho]) is strictly stable. Particularity, tpo is a strictly stable har- 
monic map from (£, ho) to (N, go). It is a theorem of Eells and Lemaire || that 
there exists a neighborhood V of ho and go in A4(E) x .M(-/V) and a unique 
smooth map S on V such that S(ho, go) — Po and S(h, g) is a smooth harmonic 
map between (£,/i) and (N,g). Let /, = S(h,gt) andW be the corresponding 
neighborhood of [ho] in the Tcichmullcr space T r . Since the energy is a confor- 
mal invariant on the domain, p ti h is also harmonic with respect to any other 
representative of [h]. Thus ipt.h is determined by [h] in U. Define E gt :U^R 
by E gt ([h]) = Eg t (ip tt h, [h]). Then [/i] is a critical point of E gt if and only if 
(tpt,hi [h]) is a critical point of E gt {-, •). The differential <iE 9f | lies in T^/T r . It 
is identified with i? 6r_6 if we choose local coordinates near [ho]. Define 

G : U x (-£,£) d-BffJ^]- 

We have that G([/io],0) = and dGbr^,,] q) is of full rank because (c/?o, [/io]) is 
a strictly stable critical point of E go . By applying the implicit function theory 
to G, there exists a smooth path [h t ] in 7^ such that G([ht],t) — 0. Hence 
[h t ] is a critical point of E gt . Denote ipt ht by (fit- It follows that (tp t , [ht]) is 
a critical point of E gt and i^t is a branched minimal immersion. Because the 
energy E g depends smoothly on g, we can conclude that (<pt, [ht]) is a strictly 
stable critical point for t small enough. Thus (ft is a strictly stable branched 
minimal immersion. By the construction of (ft and the theorem of Eells and 
Lemaire in [|| , one also has (ft converges to cpo in C°° . 

Q.E.D. 

Proposition 1 Every branched Lagrangian minimal immersion in a Kahler 
surface N with negative Ricci curvature is strictly stable. 

Proof: 

Let f £ be defined as in (1), which has support away from the branched points of 
tpo and assume that V is a vector field along ipo which is defined on E. Define 
the one form (3 e on E by /3 £ (u) =< J f £ V, u >, where J is the complex structure 
on N and u <G TE. By a result in j| and Q, we have 

6 2 A(f £ V) = I {]df3 £ \ 2 + \5[3 £ \ 2 - Ric(f e VJ e V)) dA 
> cJjf £ V\ 2 dA, 
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where Ric is the Ricci curvature of the Kahlcr surface satisfying 

Ric(V,V) < -c\V\ 2 
for some positive constant c. Thus 

lim 5 2 A(f £ V) > lim c / \ f £ V\ 2 dA > 0, 

and the map is strictly stable in the sense of Definition 1 . 

Q.E.D. 

Corollary 2 Let <p> be a branched Lagrangian minimal immersion in a Kahler 
surface with negative Ricci curvature. Then there is a strictly stable branched 
minimal immersion near ip with respect to the Riemannian metric which is close 
to this Kahler metric. 

3 The oscillation of the conformal harmonic maps 

Let ip : £ — > N be a smooth map from a Riemannian surface £ to a complete 
n-dimcnsional Riemannian manifold N. Let 8 1 , 2 be an orthonormal coframe 
in a neighborhood of p € S and let u 1 , ■ ■ ■ , uj n be an orthonormal coframe in a 
neighborhood of ip(p) € N. Define ip l a , 1 < a < 2, 1 < I < n by 

if* J = f l J a for 1 < I < n. 

We have the structure equations for N and S 

dJ = u> l m A w m and = for 1 < I, m < n, 

d8 a = ^6f 3 A6 fi and fl| = -6»f for 1 < a, /? < 2. 
Define p^, 1 < a,/3 < 2, 1 < I < n by 

#L + E ^v* w ™ + E = E ^V 3 - 



Choose the local coordinates at p to be and let p 2 (y) be the square of the 
distance between y and <p(0) in (N,g). Then p 2 (ip(x)) is a function on £ and 

Ap 2 (p(x)) = 2 £(£ + 2 P E "«^a + 2P E ft^aa. 
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where 1 < a < 2 and 1 < fc, I < n. The condition of p to be harmonic is equiv- 
alent to Vaa = f° r au ^ we choose the normal coordinates {y 1 , . . . , y n } 
at <p(0), we have 

/a v l A ( \ hi y k y l srp rm y m 

Pl(y) = - and Pkl (y) = — - — - ^T kl — . 
When ip is harmonic, one has 

Ap 2 =2|V^| 2 -2]>> m rS^4. 

Hence p 2 (p(x)) is a subharmonic function on T, when the metric on N is flat. 
A general Riemannian metric satisfies = 0(|y|). By taking y = p(x), it 

follows that p 2 (ip(x)) is subharmonic when |x| is small. Further computation 
shows that 

Ap 2 \Vp 2 \ 2 
p 2 

2|v y | 2 -2Ey m r>^j 4E a (E/P^L) 2 
p 2 p 2 



A log p 2 



I. cm ma 5 Assume that p : (-B 2 (0), ^ 2 =1 ((ix 1 ) 2 ) — > (N,g) is a conformal har- 
monic map from a ball of radius 2 info a normal neighborhood of p(0) in N. 
Then we have 

max p 2 ((/>(x)) < ( — ) c max p 2 ((p(x)) 
B r2 (o)' r Vi s ri (o) r 

/or 0<ri<r 2 <£<l, w/iere e is a constant depending only on the metric g 
and C is a constant independent of r\ and r 2 . 

Remark: The radius 2 in the Lemma does not matter and the main point is 
to have a ball of fixed radius which maps into a normal neighborhood of (p(0). 
The constant e is chosen such that it is less than the fixed radius and p 2 (p(x)) 
is subharmonic on B £ (0). 

Proof: 

When p is a constant map, the lemma holds trivally. So we assume that p> is a 
nonconstant map. Because ip is a conformal map, we have 

5> ( i) 2 =$> 2 ) 2 =A; 2 and 5>1<4 = 0, 

where p is a smooth and nonnegative scalar function with isolated and finite 
order zeros. Hence 

d d 
df(jr^) = Mei and dp>( — ) = pe 2 , 
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where ei and e 2 are orthonormal. Therefore, 
A log p 2 



p 2 p 2 



p 2 p 2 



> 



p 2 p 2 



> -c, 

where the positive constant c depends only on the upper bound of |V<p| 2 and 
the metric g. We use the fact that |Vp| = 1 in the first inequality. A direct 
computation shows that Ar 2 = 2 and Alogr = 0, where r is the distance 
function on the domain. Define 

F(x) =e% r(x *> 2 p 2 {ip{x)). 

Then 

AlogF(x) = Alogp 2 + A- r 2 

> -c + c 
- 0, 

so that logF(x) is a subharmonic function. Define 

M(r) = max Fix) = maxF(x). 

dB r (0) B r (0) 

Then the function 

logr-logri logr 2 -logr 

log F x - log M(r 2 ) - : log M n) 

log r 2 - log ri log r 2 - log n 

is a subharmonic function and has nonpositive values on the circles of radius n 
and r 2 . By applying the maximun principle to the annulus between radius n 
and r 2 , we conclude that 

logM(r) < ^iL^ill lo g M(r 2 ) + ^^ lo g M(n) 
log r 2 - log n log r 2 - log n 

for r\ < r < r 2 . This means that log M(r) is a convex function in terms of log r. 
Since the choice of r\ and r 2 is arbitrary, the conclusion holds for all < r < 2. 
Now we want to compute the derivative of log M(r) with respect to logr at 
r = 1 and bound it by a constant C. We have 

d log M(r) _ d log M(r) rfr _ M'(r) 
dlogr dr dlogr M(r) 
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where 



M(r) = max F(x) = e 2r max p 2 ((p(x)) 

dB r (0) dB r (0) 



and 

M'(r) < max |VF(x)|. 

dB r (0) 

A direct computation shows that 

|VF(x)| < crei r2 p 2 (<p(x)) + 2ei r2 p(<p(x))\Vp(<p(x))\ 
< crei r2 p 2 (ip(x)) + 2ei r2 p(ip(x))\Vip(x)\ 

for x G dB r (0). Hence 

M'i 1 ) < - { o m ax 3Bl p(ip(x))\V(p\ < _ | 2 maxo Bl |Vy(x)| 
M(l) ~ maxa^ p 2 ((^(x)) ~ max 9Bl p(<p(a;)) ' 

So we can choose 

c = g t 2 niax 9i?1 |Vy(x)| 
max 9 Bi P(f(x)) ' 

Because the slope of a convex function is increasing, we have that 

log M(r 2 ) - log M(n) 



log r 2 - log n 
for < n < T2 < 1. Therefore, 



log ... s < Clog—, 
M(n) n 

or 

M(n) " Vi ; ' 

Thus we have 



e= r 2 max 9B ,9 2 (^(x)) 



<(:r) 



r i maxas ri p 2 (ip(x)) Vi 
Choose e such that p 2 (<p(x)) is subharmonic when |x| < e. Hence 
maxp (<^(x)) = maxp (<p(x)) 

for r < e. It follows that 

max Br2 p 2 (>(x)) < et r i maxa^ p 2 (</?(x)) ^ ^ 
max Bri p 2 (<p(x)) ~ ei r2 vn&yL dBrl p 2 {ip{x)) ~ n 

when < r\ < r 2 < e. 



Q.E.D. 
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4 The adjunction numbers 



For a real surface E in a Riemannian 4-manifold N which has an almost complex 
structure J/v, one can consider the intersection of T X "E and J^T x Ti for points 
x € E. There are only two possibilities: either T X H n JmT x Y, = {0} where x 
is called a totally real point or T X S = JpfT x T, where x is called a complex 
point. When the complex points are isolated, it has a well-defined index at 
each complex point and there are formulas which relate the total number of the 
complex points with indices to the topology of E. (See ||, @, 31 , J3^], 



The characterization given by J. Chen and G. Tian g is the following: 
(IN (E) = J (K T + K N ) dA = J2 

ind Xk, 

where Kt and Kjy are the Gaussian curvatures of the tangent bundle and 
normal bundle of S in N respectively and ind Xk is the index at a complex 
point Xk- The first equality is the definition of the adjunction number ajv(£) of 
E in N and the second equality is a theorem proved in || . The tangent planes 
and normal planes on a branched minimal surface are still well defined even 
at branched points Jll|. The above discussions also hold for branched minimal 
surfaces and in that case the integral is understood as an improper integral. 
Moreover, it is proved by S. Webster ||l]] and also by J.G. Wolfson Q that the 
complex points on a branched minimal surface are isolated and all of negative 
index when the surface is not holomorphic or antiholomorphic. 

The bundle of complex structures on R 21 along a minimal surface E was dis- 
cussed in R. Schoen's unpublished paper |2(| . For the sake of completeness and 
the readers' reference, we adapt the argument to our settings and include a 
discussion here. One can identify the 2-vectors A 2 i? 4 with the anti-symmetric 
4x4 matrices by associating to a 2-vector rj 



1 \ - 

the anti-symmetric matrix A = (aki), where {e&, 1 < k < 4} is an oriented or- 
thonormal basis of R 4 . The inner product of A 2 i? 4 induced on the anti-symmetric 
matrices is denoted by < •, • >, and it is 

< A.B >= - ^Tr(AB) 

for A, B anti-symmetric matrices. Denote the set of oriented complex structures 
on R A by C4. That is, it is the set of positively oriented J : R 4 — > R 4 satisfying 

J t J = I, J 2 = -I, 

where J* is the transpose of the matrix J. The image of C4 under the above 
identification is the sphere of radius %/2 in /\ 2 + R 4 which consists of the self- 
dual 2-vectors in A 2 i? 4 . Let 1 < k < 4} be another oriented orthonormal 
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basis of R 4 , where fk — J2 m ikei and denote M = (rriki). Note that M*M = /, 
and thus M* = M _1 . If a 2- vector r\ is identified with a matrix A in the basis 
{efe, 1 < fc < 4}, it is identified with the matrix M~ 1 AM in the basis {/fc, 1 < 
fc < 4}. If a complex structure in the basis {e^, 1 < fc < 4} is expressed as a 
matrix J, it is expressed as M~ 1 JM in the basis {/fc, 1 < fc < 4}. Thus we 
have the identification as a bundle on a Riemannian 4-manifold N. Denote the 
total space of the restricted bundle on S by f . We claim that £ has an almost 
complex structure. The fiber S 2 has an almost complex structure or we also 
can define the almost complex structure directly from C4 as follows. Let A be 
the set of anti-symmetric 4x4 matrices. For J E C 4 , one has 

Tjd = {A e A : AJ + J A = 0}. 

We define the almost complex structure 

J : T.jCi — > Tjd 

on C4 by J {A) = A J. It is easy to check that this is a right definition and it 
gives the almost complex structure on the fiber. The same construction gives 
the almost complex structure on C21 for I > 2 as well. Using the Levi-Civita 
connection we have a complement to the fiber which is called a horizontal space 
and it can be identified with TE via the projection map. The identification 
induces an almost complex structure on the horizontal space. Therefore, we 
have the almost complex structure on the total space £ and we will denote it 
still by J . Assume that u(t) is a section along a curve j(t) in £ and = T. 
Then (7(f), u(t)) is a curve in £ and the projection of the tangent vector into 
the fiber is just Vyii. 

Assume that {ei, e2, e3, e^} is a local, oriented orthonormal basis of the tangent 
bundle TN over E such that {ei, €2} is an oriented basis of TE. We define an 
almost complex structure Js of TN along E by 

Js(ei) = e 2 , J£(e 2 ) = -ei, 
^£(e3) = e 4 , Js(e4) = -e 3 . 

Hence Js is a section of the above bundle. J. Chen and G. Tian || shows that 

K T + K N = n 12 + f» 34 + \\H\ 2 - i|V J s | 2 , 
where fifcz are some ambient curvatures, H is the mean curvature on E satisfying 
\H\ 2 = {hl 1+ hl 2 f + (h\ 1 + ht 2 f 

and 

|VJ S | 2 - 2(4, - /^) 2 + 2(ft? a + /^) 2 + 2(/4 - ft? 2 ) a + 2(/4 + h^f. 
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Thus one has 

ajv (S) = f (fi 12 + ft 34 + ]-\H\ 2 - J|VJ S | 2 ) dA. 

We will consider maps from S into N from now on. Hence the surface on the 
above discussions should be replaced by the image of a map. But we will use 
the same notation whenever there is no confusion. 

Lemma 6 Assume that ip : £ — > (N,g) is a branched minimal immersion. 
Then the map Js : S — > £ is holomorphic. 

Proof: 

Assume that x , x are the conformal coordinates near a point p on S for the 
pull back metric. Denote the complex structure by j which satisfies 

. d d md ._d_ _d_ 

^ dx 1 dx 2 ^ dx 2 dx 1 

Let {ei, e 2 , e3, 64} be a local, oriented orthonormal basis of the tangent bundle 
TN as described before in a neighborhood of tp(p) on </?(£). Therefore 

d( P(-J^i) = /" e l and d ^(^~2 ) = ^ e2 ' 

where /x = |<i<p(gp-)| = M^tg^) I ■ Note that J^s), which we will denote by Js 
instead, can be identified with 

-(ei A e 2 + e 3 A e 4 ). 

When p is an unbranched point, we have 

V ei (ei A e 2 + e 3 A e 4 ) 
= V ei ei A e 2 + ei A V ei e 2 + V ei e 3 A e 4 + e 3 A V ei e 4 
= (/iiie 3 + /iue 4 ) A e 2 + ei A (/i? 2 e 3 + h? 2 e 4 ) 

+(-h 3 n e 1 - h\ 2 e 2 ) A e 4 + e 3 A (-/i^ei - h\ 2 e 2 ) 
= ( h i2 + h ti)ei A e 3 + {h\ 2 - /if^ei A e 4 

+(-/»?! + ^ 2 )e 2 A e 3 + (-h 4 u - h\ 2 )e 2 A e 4 
= (ftia - /in)(ei A e 4 + e 2 A e 3 ) + (/i? 2 + ftu)(ei A e 3 - e 2 A e 4 ). 

A similar computation gives 

V e2 (ei A e 2 + e 3 A e 4 ) 
= i h 22 - h i2)( e i A e 4 + e 2 A e 3 ) + (/i 22 + /4i)(ei A e 3 - e 2 A e 4 ). 
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The 2-vectors are identified with the anti-symmetric matrices, so we mix the 
notations sometimes. It can be checked that 

ei A e 4 + e 2 A e 3 € Tj s C 4 and e\ A e 3 — e 2 A e 4 e Tj s C 4 . 

Furthermore, we have 

J7"(ei A e 4 + e 2 A e 3 ) = ei A e 3 - e 2 A e 4 

and 

J"(ei A e 3 - e 2 A e 4 ) = — (ei A e 4 + e 2 A e 3 ). 

Because one has = — /i 22 and /if x = — h\ 2 on a minimal surface, it follows 
that 

c7V ei (ei A e 2 + e 3 A e 4 ) 
= (fti 2 - /i?i)(ei A e 3 — e 2 A e 4 ) + (-/i? 2 - hfi)(ei A e 4 + e 2 A e 3 ) 
= (ftia + ^22) (ei A e 3 — e 2 A e 4 ) + (/i 22 - /i? 2 )( e i A e 4 + e 2 A e 3 ) 
= V e2 (ei A e 2 + e 3 A e 4 ). 

That is, we have JV ei Jt. = V e2 Js . Since the almost complex structure on the 
horizontal space is given by the identification with TS, the map also satisfies 
the holomorphic condition in the horizontal space. Thus 

or Js is holomorphic away from the branched points. Because Js is a continuous 
map, it then follows that Js is in fact holomorphic at all points on S by the 
standard fact in complex analysis or see the discussions below. 

Q.E.D. 

We would like to write the holomorphic condition in local coordinates and show 
that it is equivalent to satisfying a first order elliptic system. Let {ei, e 2 , e 3 , e 4 } 
be a local, oriented orthonormal basis of the tangent bundle TN. Then 

Ei = ei A e 2 + e 3 A e 4 
E2 = ei A e 3 — e 2 A e 4 
£3 = ei A e 4 + e 2 A e 3 

becomes a local basis for the bundle of self-dual 2-vectors. Assume that ^2 u iEi 
is a section of this bundle on S. The covariant derivative of the section in the 
direction ^p- is 

u i E i = 7TT El + 12 u i < Vj^E^Ei > Ei. 
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a i 



Note that C4 is identified with a sphere of radius v2 in A+R 4 . Thus if the 
section lies in this subbundle, one has 

V a UjSj = aifi + 6i£ 2 and Vo V] u i E l = a 2 £i + o 2 £ 2 , 

0EC 1 " 9a: " ' * 

where {£i,£ 2 } satisfies 

J(£i) = 6 and J(6) = -6- 

A section is holomorphic is then equivalent to a\ = o 2 and b± = — a 2 . Assume 
that Js is identified with 

— (ei A e 2 + e 3 A e 4 ) 

at a point p and is written as Js = ^2 UiEi near p, where u\ = —y/l — n| — it§. 
Then 

< V a Vm^^i > 

Si 1 ' ' 

= E^<^>+E«J I li<^> 

and 61, a 2 , b 2 also have similar expressions. We can choose £1 = Eq, and 
£2 = — E3 at p. Then at p, 

and 

° 2 = 0^ + ^ t 2j 62 = - -fa? - 1^ ■ 

The symbols for the equations a\ — o 2 = and a 2 + 61 =0 are nondegenerate at 
p. By continuity, they are still nondegenerate near p. Hence u\, u 2 satisfy a first 
order elliptic system and the coefficients of the lower order terms are related to 
rjy- only. By an interior Schauder estimate one has 

\Jr.\l,ot;B e < C"(| J S |o;B 2e + |/|o,a;S 2 J, 

where C is a constant and / is the zero order term. Hence if | Js| is bounded, 
the isolated singularity is removable. 



5 The limit of the adjunction numbers 

Theorem 3 Let tpi : £ — ► (N,gi) be a stable branched minimal immersion 
from a closed surface £ to a Riemannian A-manifold (N,gi). Assume that <?; 
converges to go and tpi converges to tpo in C°° , where tpo is a branched minimal 
immersion from £ to (N,go). Then 

a(<p Q (£)) = lim a(<^(£)). 
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Proof: 



Without loss of generality, we can assume that (fo has only one branched point 
at xq. Let B r (xo) be the ball centered at xo of radius r with respect to the pull 
back metric v ? o(fl'o)- For i large enough all the branched points of ifi are within 
B r (xo) and K\. + K l N converges to Kj, + on S \ B r (xo) uniformly. We have 

a(po(£)) = lim / {K° + K%) dAo 

r ^°Jv\B r (x ) 

= lim lim / (K l T + K l N ) dA t 

= lim a(<^(£)) - lim lim / (X^ + A"^) d^, 
where dAi is the volume form for the pull back metric ip*(gi). Because 

Ki r + K i N = n\ 2 + + 1|^| 2 - i|vj,| 2 

and Hi = at unbranched points, we have 
lim lim / (K^ + Kjf) dA, 

r ^0t^ooJ Br(xg) 

= lim lim / (n\ 2 + ni 4 --\\7J l \ 2 ) dA, 

= lim / (0? 2 + Q° 34 ) dA - 7 lim lim / |VJ;| 2 dAi 

= -- lim lim / |VJ 4 | 2 dA { . 

4 r^oi^co J Br{xo) 

If we can show that lim lim f D , s |VJ,| 2 dAi = 0, then the theorem will be 

proved. Express the pull back metric as /ii = f*(gi) = Af/ij, where /i, is a 
smooth metric with the volume form dAi and Aj is a smooth scalar function 
with isolated and finite order zeros. We can choose Xi suitably such that \ 
and hi converge to Ao and ho in C°° respectively. Choose r small enough 
such that B r (xo) is a conformal neighborhood for all hi. Compose ifi with 
a conformal transformation on B r (xo) if necessary, we can assume that x x ,x 2 
are the conformal coordinates for all hi. Because the image is minimal, by the 
discussions in last section, it follows that |V_a_Ji| is bounded for any fixed 

i. That is, the energy density of Ji with respect to the metric hi is bounded 
for any fixed i. We change the metric on the domain to hi, but still use the 
same notation |VJ,|. If |VJ,| is bounded in B r (xo) by a constant c which is 
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independent of i, then it follows 




= 0. 



When the domain is two dimensional, the energy is a conformal invariant on 
the metric of the domain. Hence the left hand side is exactly the quantity we 
want to control. So that in this case the theorem follows. 

Now assume that 

max |VJj(a;)| = bi for i > 0, 

where bi tends to oo and assume that the maximun value bi is obtained at X4. 

Because K % T + K l N converges to Kj, + uniformly on £ \ B r (xo) for any r, 

the sequence Xi must converge to xq. We define a new metric h! i = bfhi on the 

domain and choose a ball of radius around x< with respect to h\ . If we denote 

the energy density with respect to h! i still by VJj, then we have |VJ,(0)| = 1 and 

|VJt(x)| < 1 for x £ BbtrOU). Because Jj satisfies a first order elliptic system in 

2 _ 
local coordinates, by an interior Schauder estimate |j, one has 

< C(|^i|o;S 2 + \fi\0,a;B 3 )i 

where C is a constant and /$ is related to the Christoffel symbol of h! i only. 
(See the discussions in the end of last section.) Since the metric h[ converges to 
the flat metric on B 2 , it follows that |/i|o,a;S 2 converges to 0. Thus IJili^Bj 
is uniformly bounded. By the Ascoli-Arzela convergent Theorem, we have Jj 
converges to a section J uniformly in C 1 and 

|VJ(0)| = lim |VJi(0)| = 1. (2) 



Note that B r (xo) is a conformal neighborhood for hi with conformal coordi- 
nates x 1 ,x 2 . With the coordinates, we denote the ball of radius | at Xi in the 
Euclidean metric by Dl(0). The map <fi is a conformal harmonic map from 

(Dz(0),J2l=i(dx a ) 2 ) to (N, 9l ). Define (pi{x) = Vl {§-). Then (p 4 (x) is a con- 
formal harmonic map from (D^r (0), J2 a =i(dx a ) 2 ) to (N,gi). Let p 2 (y,gi) be 

2 

the square of the distance between y and </?j(0) in (N,gi). Assume that 
ma,xp 2 (tpi(x),gi) = max p 2 (tpi(x) , g t ) = c 2 . 

D 1 Di 

b i 
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Because bi tends to oo , it follows that c, tends to and p 2 ((f>i{x)) is a subhar- 
monic function on -Di(O) for i large enough. Thus the maximun value cf for 
pf(<Pi(x)) can be attained at Xi € dD±(0). By choosing a new parametrization 
we can assume that x, is fixed, say at the point q = (1,0). The image (pi(D\) 
is a branched minimal surface in (N, gi). Because gi converges to go, the mono- 
tonicity constant for branched minimal surfaces and the radius where the bound 
holds can be chosen uniformly. Therefore, 

&re&((pi(Di),gi) = area ((pi(Di_),gi) < cc 2 . 

Define a new metric g[ = S 2 c~ 2 gi on N, where S is a constant determined later. 
Let ||V<^i|| 2 be the norm of the energy density of cpi with respect to the metric 
g[. Then 

||V^|| 2 dA = 2 area (&(£>!), 00 < cS 2 . 



If we choose S small enough, then there will be no energy concentration and a 
subsequence, which is still denoted by (pi, converges to a smooth harmonic map 
ip from {D 1 (0),J2l=Jdx a ) 2 ) to (i? 4 , £t=i (dy k ) 2 ) in C°° by a result of J. Sacks 
and K. Uhlenbeck Cq]. Moreover, 



4 

p 2 (<p(q),J2(dy k ) 2 )) = lim ?(H<l)A) = 
fe=l 

Hence ^ is a nonconstant map. 

For any L > 1 we claim that the energy E{(p i (Di J ) 1 g'A is also unformly bounded. 
This follows from a modification of the proof of Lemma 5. 

A modification of Lemma 5: Because gi converges to go and ipi converges 
to ipo in C°°, there exists a uniform e such that ifi(D e ) lies in a normal neigh- 
borhood of (fii(0) in (N,gi) and p 2 ((fii(x) , gi) is subharmonic on D £ . Moreover, 
we also have that 

|V V(W I and E» 

are uniformly bounded on D e (0). Thus the constant Cj in Lemma 5 can be chosen 
uniformly. Because p((pi(x), gi) converges to p(tpo(x), go) and max,g£> e pi'Poix), go) 
is positive, it follows that maxg^ p(ipi(x), gi) has a uniform positive lower 
bound. The constant Cj in Lemma 5 can then be chosen uniformly. In conclu- 
sion, we show that there exist positive constants e and C such that the maps 
<Pi ■ OD§(0),ELi(^ Q ) 2 ) -> Wft) satisfies 

max p 2 (<pi(x),gi) < ( — ) c ma,xp 2 (ip l (x) 7 g l ) 
D r2 n D ri 
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for any < ri <ri < e. Note that a constant conformal factor on the metric of 
the target will not affect the conclusion. Because ^ < e for i sufficiently large, 
Lemma 5 can be applied to (pi on Dl- Thus we show that 

maxp 2 (^(a;), 5l ') < L c max p 2 (fr(x) , g'A < L C S 2 . 

Ul J->i 

Since ^ (£)/,) = <Pi(D_L_) for i sufficiently large, the image lies in a ball in 
(N,gi) where the monotonicity formula holds. The same argument as above 



shows that area (<pi(D L ), g'A < cL c 5 2 24|. That is, the energy E(ipi(D L ), g'A < 



Cl, where Cl is a constant depending on L only. Therefore, there exists a 
subsequence of (pi, which is still denoted by tfii, such that (fi converges to a 
smooth harmonic map ip from -Dl(O) to (R 4 , J2k=i(dy k ) 2 ) except finite points 
[ p5| . Choose a sequence Lk which tends to oo and use the diagonal process 
to choose a subsequence which converges to a smooth harmonic map (f in any 
compact set of R 2 except finite points [ p5| . Here ip is a harmonic map from 
(R 2 ,El=i(dx a ) 2 ) to (R 4 ,Et=i(dy k ) 2 )- The bubbling phenomenon (||, |§) 
does not affect our discussions, so we will not concern the issue here. Consider 
the variations of ip which have compact supports and vanish near the branched 
points. Because there are no branched points of ifi in the support of the variation 
for i large enough, the stablity of tp>i implies the stablity of ip (for such variations) . 
By the same reason as above, we can show that the area of (p>i (Dl) is of quadratic 
growth by the monotonicity formula (24). Thus the area of <p(R 2 ) is also of 
quadratic growth, ft is a theorem of M.J. Micallef that every complete and of 
quadratic area growth stable branched minimal surface in R 4 is holomorphic 
with respect to some complex structure on R 4 ([jl8), [^9|). (The stablity is for 
variations which have compact supports and vanish near the branched points.) 
In particular, it implies that VJ = 0, where J is the section associated with 
ip(R 2 ). The section Ji converges to J in C°° on any compact set away from the 
branched points. On the other hand, we know that Ji converges to J in C ' a 
on B x by (2). Thus J = J on B x and 

|VJ(0)| = lim |VJi(0)| = I. 

i — >oo 

It is a contradiction. Hence |VJi(a;)| is uniformly bounded with respect to hi 
and <?.;. The theorem is then proved. 

Q.E.D. 



6 The main theorem 

Theorem 4 Assume that (N,go) is a Kahler- Einstein surface with the first 
Chern class negative. Let [A] be a class in the second homology group H.2(N, Z), 
which can be represented by a finite union of branched Lagrangian minimal sur- 
faces with respect to the metric go. Then with respect to any other metric in 
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the connected component of go in the moduli space of Kahler- Einstein metrics, 
the class [A] can also be represented by a finite union of branched Lagrangian 
minimal surfaces. 

Proof: 

Let g be any metric in the connected component of go in the moduli space 
of Kahler-Einstein metrics. There exists a smooth family of Kahler-Einstein 
metrics gt, < t < 1, satisfying gi — g. A metric is said to have the property 
P if the class [A] can be represented by a finite union of branched Lagrangian 
minimal surfaces with respect to this metric. Let 

T = { t | t € [0, 1] and g t has the property P}. 

From the assumption of the theorem, we know that T contains 0. Now assume 
that to belongs to T. That is, the class can be written as [A] = U™[y>j(Ej)], 
where tpi : Ej — > (N,g to ) is a branched minimal immersion and the image is 
Lagrangian. We will deform each tpi separately. So now we only work on a 
single map ip to ■ E — > (N,g t(l ). It is strictly stable by Proposition 1. Thus by 
Theorem 2 there exists a strictly stable branched minimal immersion <p t from 
E to (N,g t ) for \t — to\ < £ and ip t converges to ip to in C°° . The Lagrangian 
surface tp to (H) satisfies a(y>t (E)) = 0. Because the adjunction number is an 
integer and 

lima(^(E)) = a(^ (S)) 

t— rt 

by Theorem 3, it follows that a(y>t(E)) = 0. Since the complex points on 
a branched minimal surface which is not holomorphic or antiholomorphic are 
isolated and of negative index (see (3^], |33]|), it follows that </?t(E) is totally 
real. A totally real, branched minimal surface in a Kahler-Einstein surface with 
C\ < is Lagrangian (||, p3|). Thus ^t(E) is a branched Lagrangian minimal 
surface. Because there are only finite maps, we can choose e such that each ip^ 
has a deformation in |t — to| < £• Hence the class [A] can be represented by a 
finite union of branched Lagrangian minimal surfaces with respect to the metric 
gt for |t — to\ < s. That is, the set T is open. 

Consider a smooth family of branched minimal immersions ipt : E — > (N,g t ), 
to < t < b, which can be thought as the maps obtained from the above local 
deformation. Denote the area of ^t(E) in {N,g t ) by A(<£t,<?t) and h(t,x) = 
(ft(gt)(x) with volume form oL4 t . Because y>t is a branched minimal immersion, 
the pull back metric h(t,x) — X(t, x) 2 h t (t, x) for some smooth metric h t with 
the volume form dA t . Then 



dA(<p t ,g t ) 



dt L M 



2 



h l3 (t,x)h lj (t,x)dA t 
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2 

y2 h lj (t,x)hij(t,x)dA t 



Note that 

dip$(x) dip l t (x) 



hij(t,x) = 9ki(t,<Pt{x))- 



dx i dxi 
k,i=i 

By Leibniz's rule, one knows that hij(t, x) comes from two parts: one is fixing g t 
and varying ip t and another is fixing ip t and varying g t . Because ipt is a branched 
minimal immersion, the contribution of the terms which are obtained from fixing 
g t and varying ip t is zero. Thus we only need to consider the situation where ip t 
is fixed and only g t is varied. In this case 

; /■ x _ dg k i(s,<p t (x)) i chtfjx) d<p l t (x) 

tiij^x)- 2^ ds \ s =t dxl dxJ ■ 

k,l=l 

For fixed t and x, we choose the conformal coordinates for h t at x such that 
hij(t,x) = SijX 2 or hij(t,x) — Sij. We also choose the normal coordinates for 
g t at <p t (x) such that g k i(t,tf t (x)) = 5 kl . Then at (t,x) 

/c=i 

Because g t is a fixed smooth family, the quantity |^£Mi^*Mi| has a uniform 
bound c. Hence 

dA(cp t ,g t ) _ f s^zau ^ dg k i(s,(p t (x)) ^ _ d${x) dl Pt( x ) d ^ 



dt Jt. ^— ' 9s 9a; 4 <9;r J 



< 



= 8 c J \ 2 dA t 
< 8cA((p t ,gt). 

Hence A(ip t ,g t ) < e 8c ( t ~ t °' ) A(ip to , gt ). We get a uniform bound for the area. 
The Gauss equation for minimal surfaces is 

K N (t,x) = Kv(t,x) + \II\ 2 t (x) 

at unbranched points, where K^{t,x) is the sectional curvature of (N,g t ) on 
the tangent plane of <pt(E) at <fit(x), Kz(t, x) is the Gaussian curvature for the 
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pull back metric h(t,x), and \IIt\ 2 (x) is the norm of the second fundamental 
form of v?t(S) in (N,g t ) at (ft(x). Integrating both sides of the equation, we get 



where B(t) is the total branched order of the map ipt- Note that the integrals 
in the formula are all understood as improper integrals. Because we have the 
area bound for <£>t(£) and KN(t,x) is bounded for a fixed family gt, < t < 1, 
it follows that J* s |// t | 2 (a:) dA t + 2irB{t) is uniformly bounded. 

Similar to the lemma of H.I. Choi and R. Schoen in one can show the 
boundness of the sup norm of \Ut\ (%) in a ball away from the branched points, 
if the L 2 norm of \II t \ 2 (x) is sufficiently small in a bigger ball (see [||). Since 
J E |/J t | 2 (x) dA t is uniformly bounded, by applying J. Sacks and K. Uhlenbeck's 
covering argument j25j, one can pick up a subsequence which converges to a 
branched minimal surface. Because the surfaces are Lagrangian and the areas 
are bounded, the limit surface is Lagrangian (see Q and compare with p"5[) 
and the area of the limit surface is also bounded by the same constant. The 
area of a closed minimal surface has a lower bound which depends only on the 
injective radius of the ambinent manifold. Because 174 is a fixed smooth family of 
metrics for < t < 1, this lower bound can be chosen uniformly. Thus once we 
have the area bound for the union of closed minimal surfaces, the total number 
of closed minimal surfaces in that union will be bounded. 

If T contains to, then T contains (to — e, <o + e) by the local deformation. The 
argument in last paragraph shows that the end points also belong to T. Thus 
one can apply the local deformation to the end points and continue the process. 
Although we do not have a lower bound for the length of the interval where the 
local deformation holds. During the process, we do have a global area bound 
for the family of minimal surfaces obtained. Moreover, the topology is bounded 
and the union is finite. The same argument as above shows the closedness of 
T. The nonempty set T is both open and closed. So it must be the whole set 
[0, 1]. That is, the class [A] can be represented by a finite union of branched 
Lagrangian minimal surfaces with repect to the metric g = g\. This completes 
the proof. 



Now we give a simple application of the theorem. Let N — (M,g) x (M,g), 
where (M, g) is a closed Riemannian surface with a hyperbolic metric. Assume 
that / is a map from a closed surface £ to M whose induced map on the first 
foundamental group n\ is injective. Then the induced map of (/, /) on tt\ is also 
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injective and there exists a branched minimal surface in the homotopy class of 
(/; /) by a result of R. Schoen and S.T. Yau p8fl . Because the metrics on the 
two components of N are the same, the branched minimal immersions in the 
homotopy class of (/, /) must be of the form (/, /) by the uniqueness of harmonic 
maps into a hyperbolic space [Q. Thus the branched minimal immersions are 
Lagrangian if we reverse the orientation on the second component. By the 
same argument as in [jl6|], it follows that the branched minimal surface in the 
homotopy class is unique since every branched minimal surface in the class is 
Lagrangian. 

Now we change the metric on the second component in its moduli space of 
hyperbolic metrics. By Theorem 4 we still have the existence of the branched 
Lagrangian minimal surfaces in the homotopy class with respect to the new 
metric. The Lagrangian minimal surfaces obtained here can be of different 
topology with the one we have in | fl6l . One can also try to combine our existence 
result in |l6) with Theorem 4 to get the existence of the branched Lagrangian 
minimal surfaces in other classes. 
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